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INTEGRAL POINTS OF BOUNDED HEIGHT
ON A LOG FANO THREEFOLD
FLORIAN WILSCH
Abstract. We determine an asymptotic formula for the number of integral
points of bounded height on a blow-up of P3 outside certain planes using
universal torsors.
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1. Introduction
Manin’s conjecture [FMT89, BM90] is concerned with the number of rational
points on Fano varieties X (that is, smooth, projective varieties with ample anti-
canonical bundle ω∨X) over a number field K with Zariski dense K-rational points.
We may associate height functions H : X(K)→ R>0 with the anticanonical bundle.
Manin’s conjecture gives a prediction for the number of rational points of bounded
anticanonical height that lie in the complement V of the accumulating subvarieties,
whose rational points would dominate the total number. More precisely, it predicts
that the number of rational points of bounded height
#{x ∈ V (K) | H(x) ≤ B}
grows asymptotically as cB(logB)r−1, where r is the Picard number of X .
Peyre [Pey95, Pey03] gave a conjectural interpretation of the constant c as a
product αβτ , where α depends on the geometry of the effective cone, β is a coho-
mological constant connected to the Brauer group and τ is an adelic volume that
can be interpreted as a product of local densities. Such asymptotics are in particu-
lar known for generalized flag varieties [FMT89], toric varieties [BT98], equivariant
compactifications of vector groups [CLT02], and some smooth del Pezzo surfaces
[Bre02, BF04, BB11].
Fano threefolds were classified by Iskovskih, Mori and Mukai [Isk77, MM82].
For these, Manin proved a lower bound for the number of rational points [Man93].
Those Fano threefolds that are toric or additive and for which Manin’s conjecture
is thus known have been classified by Batyrev [Bat81] and Huang–Montero [HM18],
respectively. Besides such results for general classes of varieties, Manin’s conjecture
for Fano threefolds remains open.
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On proper varieties, integral points on an integral model and rational points
coincide as a consequence of the valuative criterion for properness. A set-up con-
cerning integral points on a non-proper variety analogous to Manin’s conjecture
is the following: Consider a smooth log Fano variety over a number field K, that
is, a smooth, projective variety X together with a divisor D with strict normal
crossings over an algebraic closure such that the log-anticanonical bundle ωX(D)
∨
is ample. Let H be a log-anticanonical height function, let U be a flat integral
model of X −D and consider the complement V ⊂ X of those subvarieties whose
points would dominate the number of integral points on U . How does the number
of integral points of bounded height
#{x ∈ U(oK) ∩ V (K) | H(x) ≤ B}
behave asymptotically?
Results in this direction include complete intersections of large dimension com-
pared to their degree [Bir62], algebraic groups and homogeneous spaces [DRS93,
EMS96, EM93, BR95, Mau07, GOS09, WX16], and partial equivariant compactifi-
cations [CLT10b, CLT12, TBT13], that is, equivariant compactificationsX together
with an invariant divisor D. The first case is an application of the circle method,
for the latter cases the group structure is exploited by means such as harmonic
analysis.
In [CLT10a], Chambert-Loir and Tschinkel describe a framework allowing a geo-
metric interpretetation of such asymptotic formulas. These results suggest that the
asymptotic for a split variety X over the rationals K = Q with a geometrically
integral divisor D has the form
ατfinτ∞B(logB)
r−1(1 + o(1)),
where α depends on the geometry of the effective cone, τfin is a Tamagawa volume
of the boundary D(R) and τ∞ is product of local volumes of integral points U(Zp).
Our main result is such an asymptotic formula for a log Fano threefold that does
not belong to any of the above classes (cf. Lemma 2.4 and Remark 2.5). To this
end, we parametrize the integral points using universal torsors. Universal torsors
have been defined and studied by Colliot-Thélène and Sansuc [CTS87]; their usage
to count rational points goes back to Salberger [Sal98], who used them to reprove
Manin’s conjecture for toric varieties. Since then, the technique has been used to
count rational points on many other varieties. This is the first application of the
torsor method to integral points.
We will count integral points on a smooth log Fano threefold (X,D), where X
is in particular Fano, has Picard number 2 and is of type 30 in the classification of
Fano threefolds [MM82]. Let pi : X → P3 be the blow-up of P3 = ProjQ[a, b, c, d]
in the smooth conic C = V(a2 + bc, d). We will provide asymptotic formulas for
the number of integral points on X −Di, where D1 is the preimage pi
−1(V(b)) of a
plane intersecting C twice in one rational point and D2 is the preimage pi
−1(V(a))
of a plane intersecting C in two rational points. Up to Q-automorphism, these are
precisely the planes intersecting C in rational points. To construct integral models
Ui of Ui = X − Di, we consider the blow-up X of P
3
Z in V (a
2 + bc, d) and define
U1 = X −D1, U2 = X −D2.
We describe their integral points explicitly by a universal torsor in Section 2.
In Section 3, we construct a log-anticanonical height function H : X(Q) → R>0,
measures τ(X,Di),p on X(Qp) and τDi,∞ on Di(R) together with convergence factors
associated with the Artin L-function of the virtual Galois module
EP(Ui) = [H
0(Ui,Q,Gm)/Q
∗
⊗Q]− [H1(Ui,Q,Gm)⊗Q],
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defined in [CLT10a], and a renormalization factor cR. We continue with a de-
scription of a constant α and the exponent of logB in the expected asymptotic.
In Sections 4 and 5, we prove an asymptotic formula for the number of integral
points of bounded height on U1 and U2. A comparison of these formulas with the
computations in the preceding section gives the following result:
Theorem 1.1. For i ∈ {1, 2}, let X, X , Di, Ui, and H be as above. There exists
an open subvariety Vi ⊂ X such that the number of integral points of bounded height
Ni(B) = #{x ∈ Ui(Z) ∩ Vi(Q) | H(x) ≤ B} satisfies the asymptotic formula
Ni(B) = ατfinτ∞B logB +O(B log logB),
where
α =
1
(rkPic(X)− 1)!
XEff(X)(ω(D)
∨),
τfin = L∗(1;EP (Ui))
∏
p
Lp(1;EP (Ui))τ(X,Di),p(Ui(Zp)), and
τ∞ = cRτDi,∞(Di(R)).
More explicitly, we have
N1(B) =
20
3ζ(2)
B logB +O(B) and
N2(B) =
20
3
∏
p
(
1−
2
p2
+
1
p3
)
B logB +O(B log logB).
Acknowledgements. Parts of this article were prepared at the Institut de Mathé-
mathiques de Jussieu – Paris Rive Gauche, supported by DAAD. I wish to thank
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2. A universal torsor
The Cox ring of X over an algebraic closure Q is
R(XQ) = Q[a, b, c, x, y, z]/(a
2 + bc− yz)
and its grading by Pic(X) ∼= Z2 is
a b c x y z
1 1 1 1 2 0
0 0 0 −1 −1 1
by [DHH+15, Theorem 4.5, Case 30] (which contains a typo in the degrees of x
and y). The pullbacks of planes along pi correspond to degree [1, 0], the exceptional
divisor E to degree [0, 1] and the anticanonical bundle thus to degree [4,−1].
Lemma 2.1. The variety TQ = SpecR(XQ)−V (Iirr), where Iirr = (a, b, c, z)(x, y),
is a universal torsor over XQ.
Proof. In addition to the ring itself, we argue using the bunch of cones Φ asso-
ciated with X [ADHL15, 3.2]. It consists of all cones Cone({deg(t) | t ∈ M})
in Pic(X)Q such that M ⊂ {a, b, c, x, y, z} is a subset of the generators with∏
t∈M t 6∈
√
(t | t 6∈M), that is, such that the equation has a solution with t = 0
for t 6∈ M and t 6= 0 for t ∈ M , and such that ω∨ ∈ Cone({deg(t) | t ∈ M}). The
bunch of cones is thus
Φ = {Cone ([10], [
1
−1]) ,Cone ([
0
1], [
1
−1]) ,Cone ([
1
0], [
2
−1]) ,Cone ([
0
1], [
2
−1])} ,
given by, for example, the generators {b, x}, {z, x}, {a, y}, and {a, y, z}, respec-
tively (these are all possible cones containing the anticanonical bundle); the con-
dition is seen to hold by considering the solution (0, 1, 0, 1, 0, 0), (0, 0, 0, 1, 0, 1),
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(0, 1, 0, 0, 1, 0), or (1, 0, 0, 0, 1, 1), respectively. Indeed, by [ADHL15, Theorem 3.2.1.9
(ii)], X is defined by a bunched ring with a maximal bunch, which can only be the
bunch Φ just defined.
The irrelevant ideal Iirr is generated by all elements of the form
∏
t∈M t such
that M is a subset of the generators satisfying Cone(deg(t) | t ∈ M) ∈ Φ. This
gives
Iirr = (ax, bx, cx, zx, ay, by, cy, zy) = (a, b, c, z)(x, y)
since the minimal subsets suffice. 
Next, we construct an integral model of this torsor. Consider the ring
RZ = Z[a, b, c, x, y, z]/(a
2 + bc− yz)
and the ideal Iirr,Z = (a, b, c, z)(x, y) ⊂ RZ.
Lemma 2.2. The scheme T = SpecRZ − V (Iirr,Z) is a G
2
m,Z-torsor over X .
Proof. We note that removing yz from the generators of Iirr does not change the
radical of the ideal and that the degrees of the two factors of any of the remain-
ing generators fi ∈ {ax, bx, cx, zx, ay, by, cy} form a basis of the Picard group.
Thus, [FP16, Theorem 3.3] shows that T = SpecRZ−V (Iirr,Z) is a G
2
m,Z-torsor over
the Z-scheme X ′ obtained by gluing the spectra of the degree-0-parts RZ[f
−1
i ]
(0) of
the localizations in the generators fi of the irrelevant ideal.
This integral model X ′ of XQ coincides with the blow-up X . Indeed, we can
embed both the Cox ring RZ and the Rees algebra
A =
⊕
n≥0
In = Z[a, b, c, d][(a2 + bc)ξ, dξ]
for I = (a2+bc, d) into the field Q(a, b, c, d, ξ) = Frac(A), where the first embedding
maps z 7→ ξ−1, x 7→ dξ, and y 7→ (a2 + bc)ξ. The blow-up is then given by gluing
the spectra of the seven rings As,t ⊂ Frac(A) arising the following way: First take
the degree-0-part (with respect to the usual grading of Z[a, b, c, d], not considering
the natural grading of the Rees algebra) of the localizations of A in s ∈ {a, b, c, d},
then further localize in one of the generators t ∈ {a
2+bc
s2 ξ,
d
s ξ} (t = ξ suffices for
s = d) of the Rees algebra and take the degree-0-part with respect to the grading
induced by the natural grading of the Rees algebra. The rings RZ[f
−1
i ]
(0) for
fi = ax, bx, cx, zx, ay, by, cy coincide with the rings As,t for
(s, t) = (a,
d
a
ξ), (b,
d
b
ξ), (c,
d
c
ξ), (d, ξ), (a, (a2 + bc)ξ), (b, (a2 + bc)ξ), (c, (a2 + bc)ξ),
so the two schemes defined by the blow-up and [FP16, Construction 3.1] coincide.

Lemma 2.3. There is a 4-to-1-correspondences between integral points on X and
(1) T (Z) =
{
(a, b, c, x, y, z) ∈ Z6
∣∣∣ a2+bc−yz=0gcd(a,b,c,z)=gcd(x,y)=1} ,
integral points on U1 = X − V (b) and
(2) T1(Z) =
{
(a, b, c, x, y, z) ∈ Z6
∣∣∣ a2+bc−yz=0b=±1,gcd(x,y)=1} ,
and integral points on U2 = X − V (a) and
(3) T2(Z) =
{
(a, b, c, x, y, z) ∈ Z6
∣∣∣ a2+bc−yz=0a=±1,gcd(x,y)=1} .
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Proof. The fiber f−1(p) of any point p ∈ X (Z) is a G2m,Z-torsor. Since such torsors
are parametrized by H2fppf(SpecZ,G
2
m) = Cl(Z)
2 = 1, all fibers are isomorphic to
G2m,Z and we get a 4-to-1-correspondence between integral points on the torsor T
and those on X .
Since T is quasi-affine, its integral points have a description as lattice points
satisfying the equation of the Cox ring and coprimality conditions given by the
irrelevant ideal. Points on the preimages of U1 and U2 under the morphism T → X
are defined by the additional condition (b) = 1 and (a) = 1, respectively. 
We conclude this section with some observations on the geometry of X .
Lemma 2.4. There is no action of G3a on X with an open orbit under which D1
or D2 are invariant, neither is X toric.
Proof. Since G3a has to act continuously on Pic(X), the exceptional divisor has to
be invariant and we thus get an action on P3−C. If one of the planes not containing
C is invariant, the action further restricts to the complement A3 − C of a conic in
A3. Since the action needs to have an open orbit, we would get an open immersion
A3 → A3 − C, an impossibility by Ax–Grothendieck.
Since its Cox ring is not polynomial, X cannot be toric [HK00]. 
Remark 2.5. The total variety X is a compactification of G3a, as classified by
[HM18] (induced by the action of G3a on P
3, where the group acts trivially on the
plane V (d) and by addition on the complement). Manin’s conjecture for rational
points [CLT02] and asymptotics for integral points on some open subvaries [CLT12]
are known due to Chambert-Loir and Tschinkel: The admissible divisors D are the
exceptional divisor, the strict transform of V (d), and their sum.
Even though X is an equivariant compactification of G3a, the pairs (X,Di) are
neither partial equivariant compactifications of G3a nor toric by the previous lemma.
Our result is thus not a special case of [CLT10b] or [CLT12].
Lastly, we can describe the geometric Picard group with the information we gath-
ered in the proof of Lemma 2.1: The pseudoeffective cone is generated by the degrees
of the generators of the Cox ring, so Eff(X) = Cone(E,H − E). The semiample
cone is the intersection of all cones in Φ and thus SAmple(X) = Cone(H, 2H −E).
In particular, the log-anticanonical bundles ω(D1)
∨ ∼= ω(D2)
∨ ∼= OX(3H − E) are
ample.
3. Metrics, heights, Tamagawa measures, and predictions
3.1. Adelic metrics. To fix notation, we start by recalling the definition of adelic
metrics and methods to construct them, as found for example in [Pey03]. An adelic
metric on a line bundle L on a smooth, projective variety V over a number field K
is a collection of norms ‖·‖v : L(xv) → R≥0 for any completion Kv of K and any
Kv-point xv ∈ V (Kv) that satisfy the following conditions:
(1) For every local section s ∈ Γ(U,L), the map U(Kv)→ R≥0 : xv 7→ ‖s(xv)‖v
is continuous with respect to the analytic topology.
(2) For almost all finite places v, the norm is defined by an integral model V
of V and L˜ of L over V in the following way: Since V is proper, any point
xv ∈ V (Kv) lifts uniquely to a point x˜v ∈ V(ov). Then x˜v
∗
L˜ = L˜(x˜v) is
a lattice in x∗L = L(xv), and we take the unique norm ‖·‖v on L(x) that
assigns to any generator of L˜(x˜v) the norm 1. Since any two flat models are
isomorphic over almost all finite places v, this is independent of the choice
of a model.
There are several methods to construct adelic metrics:
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Pull-backs. Let f : V → V ′ be a morphism between smooth, projective K-varieties
and consider an adelic metric on a line bundle L on V ′. Then we get an adelic metric
on f∗L in the following way: Locally, any section of f∗L has the form s′ = h · f∗s
for local sections s of L and h of V . We set ‖s′(xv)‖v = |h(x)|v ‖s(f(x))‖v.
Tensor products and inverses. If L and L′ are metrized line bundles, there is an
induced metric on L ⊗L′ defined by ‖s⊗ s′‖v = ‖s‖v ‖s
′‖v and an induced metric
on L∨ defined by ‖h(x)‖v = |(h(s))(x)|v ‖s(x)‖
−1
v , independent of the choice of a
local section s of L that does not vanish in x.
Basepoint free bundles. There is a canonical adelic metric on OPn
K
(1): Any section
s ∈ Γ(U,OPn
K
(1)) is a homogeneous rational function in x0, . . . , xn of degree 1 that
is defined everywhere on U . Thus, for any point x = (x0 : · · · : xn) ∈ U(Kv), the
norm |s(x)|v · maxi{|xi|v}
−1 is well-defined. This norm is defined by the integral
model Pn
oK
at all finite places. Using this, we can associate a metric with any
basepoint free line bundle L together with a set of global sections s0, . . . , sn that
do not vanish simultaneously: We have a morphism
f : V → Pn, x 7→ (s0(x) : · · · : sn(x))
with L ∼= f∗OPn(1). Then the pull-back construction gives a metric induced by
(4) ‖f∗s(x)‖v =
|s(f(x))|
max{|s0(x)|v , . . . , |sn(x)|v}
for rational functions s as above.
Since every line bundle on a smooth, projective variety is a quotient of very
ample bundles, this allows the construction of metrics on any bundle.
Metrics on X. Returning to our variety X , we endow certain line bundles with
adelic metrics. For fixed d ∈ Pic(X), the elements of degree d in the Cox rings are
the global sections of a line bundle Ld with isomorphism class d (such that Ld⊗Le =
Ld+e by the construction of the Cox ring). We consider the bundles L[3,−1] and
L[1,0] that are isomorphic to the log-anticanonical bundles ω(D1)
∨ ∼= ω(D2)
∨ and
the pullback of the tautological bundle pi∗OP3(1) ∼= OX(D1) ∼= OX(D2). Neither
of the sets
{a2x, b2x, c2x, z2x3, ay, by, cy} and {a, b, c, xz}
of sections of these bundles vanish simultaneously, so (4) gives us the metrics
(5) (s, (a : b : c : x : y : z)) 7→
|s(a, b, c, x, y, z)|v
max{|a2x|v , |b
2x|v , |c
2x|v , |z
2x3|v , |ay|v , |by|v , |cy|v}
on L[3,−1] and
(6) (t, (a : b : c : x : y : z)) 7→
|t(a, b, c, x, y, z)|v
max{|a|v , |b|v , |c|v , |xz|v}
on L[1,0], where (a : b : c : x : y : z) is the image of (a, b, c, x, y, z) ∈ T (Qv) (i.e. a
point in Cox coordinates) in X(Qv), s ∈ R(X) has degree [3,−1], and t ∈ R(X)
has degree [1, 0].
3.2. Heights. Any line bundle L on a smooth, projective variety V over a number
field K together with an adelic metric determines a height function
H : V (K)→ R≥0, x 7→
∏
v
‖s(x)‖
−1
v ,
where s is a section that does not vanish in x. Since
∏
v |α|v = 1 for all α ∈ K, this
does not depend on the choice of s.
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The number of rational points of bounded height #{x ∈ V (K) | H(x) ≤ B} is
finite if the line bundle L is ample. This still holds outside a closed subvariety if L
is only pseudo-ample (that is, in the interior of the effective cone).
The chosen metric on L[3,−1] defines a log-anticanonical height function on X ,
which we can easily describe in Cox coordinates: Since X is proper, every rational
point in X(Q) lifts to a unique integral point in X (Z), which in turn corresponds to
four integral points (a, b, c, x, y, z) ∈ T (Z) by Lemma 2.3. By the coprimality condi-
tion and the equation, no prime can divide all of the monomials in the denominator
of (5). Thus we get
(7) H(a : b : c : x : y : z) = max{
∣∣a2x∣∣ , ∣∣b2x∣∣ , ∣∣c2x∣∣ , ∣∣z2x3∣∣ , |ay| , |by| , |cy|}
for the image (a : b : c : x : y : z) ∈ X(Q) of (a, b, c, x, y, z) ∈ T (Z) (with the usual
real absolute value).
3.3. Tamagawa measures. An adelic metric on the canonical bundle ωV of a
smooth, projective variety V over a number field K determines a Borel measure
on the Kv-points V (Kv) for all places v, called a Tamagawa measure. In local
coordinates x1, . . . , xn, it is given by dτV,v = ‖dx1 ∧ · · · ∧ dxn‖
−1
v dµv, where µv is
the Haar measure with µv(ov) = 1 for finite places, dµv = dx the usual Lebesgue
measure for real places and dµv = 2dxdy for complex places.
Let D be a divisor on V with strict normal crossings (over K), and let U =
V −D. We consider the following measures defined by Chambert-Loir and Tschinkel
in [CLT10a]: A metric on OV (D) induces another measure τ(V,D),v on V (Kv) via
dτ(V,D),v = ‖1D‖
−1
dτV,v, where 1D is the canonical section of OV (D). For a
component D′ of D, metrics on ωV and OV (D
′) determine an adelic metric on the
bundle ωV (D
′) and, using the adjunction isomorphism ωD′ ∼= ωV (D
′)|D′ , on the
canonical bundle ωD′ of D
′. This metric defines a residue measure τD′,v on D
′(Kv),
and the process can be repeated to define measures on intersections of components
of D.
These measures are renormalized with factors associated with the virtual Galois
module
EP(U) = [H0(UK ,Gm)/K
∗
⊗Q]− [H1(UK ,Gm)⊗Q].
The Artin L-function of a continuous representationM of the absolute Galois group
ΓK is the Euler product
L(s;M) =
∏
v∤∞
Lv(s;M)
with local factors
Lv(s;M) = det((id−q
−s
v Frv)|MIv )
−1,
where Frv is a geometric Frobenius element, Iv is an inertia subgroup at v, and qv is
the cardinality of the residue field kv at v. The L-function of this virtual module is
the quotient of the two L-functions. In particular, the Artin L-function of a trivial
representation is simply
∏
v(1− q
−s
v )
dimM .
The residue measures at the infinite places are renormalized by factors depending
on the fields of definition of the divisor components. For a geometrically integral
divisor D, this is simply a factor of cR = 2 at any real place and cC = 2pi at any
complex place; see [CLT10a, 3.1.1, 4.1] for details.
To explicitly calculate volumes with respect to such measures on our variety
X , we need metrics on the bundles ω, O(D1) and O(D2), not just on bundles
isomorphic to them. To this end, we choose isomorphisms between those bundles
and the bundles L[4,−1] and L[1,0] and identify sections corresponding under those
isomorphisms. Up to scalar, the canonical section 1D1 (resp. 1D2) is the unique
section of O(D1) (resp. O(D2)) corresponding to D1 (resp. D2). This also holds
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for the elements b (resp. a) of the degree-[1, 0]-part of the Cox ring (regarded as
the global sections of the bundle L[1,0]), so there are isomorphisms with 1D1 7→ b
and 1D2 7→ a, and we will use these. For the (anti-)canonical bundle, we consider
the chart
f : V → A3, (a : b : c : x : y : z) 7→
(
a
xz
,
b
xz
,
c
xz
)
and its inverse
g : A3 → V, (a, b, c) 7→ (a : b : c : 1 : a2 + bc : 1),
where V = X−V (xz) = pi−1(V (d)) ∼= A3. The sections da∧db∧dc and dda ∧
d
db ∧
d
dc
of the canonical and anticanonical bundle have neither zeroes or poles on A3 ∼= V ,
and their tensor product is 1. Up to scalar, they are the only sections with this
property. Since the analogous property holds for x−4z−3 and x4z3, we can fix
isomorphisms identifying da ∧ db ∧ dc with x−4z−3 and dda ∧
d
db ∧
d
dc with x
4z3.
Finite places. For any prime p, we equip Qp with the Haar measure µ, normalized
such that µ(Zp) = 1.
Lemma 3.1. For any prime p, we have
τ(X,D1),p(U1(Zp)) = 1 +
1
p
=
#U1(Fp)
p3
and
τ(X,D2),p(U2(Zp)) = 1 +
1
p
−
1
p2
=
#U2(Fp)
p3
.
Proof. Under the above chart, the integral points U1(Zp) ∩ V (Qp) correspond to
the set {(
a
d
,
1
d
,
c
d
) ∣∣∣∣ a, c, d ∈ Zp} = {(a, b, c) ∈ Q3p | |b| ≥ 1, |a| , |c| ≤ |b|}
and, analogously, U2(Zp) ∩ V (Qp) corresponds to the set
{(a, b, c) ∈ Q3p | |a| ≥ 1, |b| , |c| ≤ |a|}.
On U1(Zp)∩V (Qp), we have ‖fD1‖O(D1) = ‖b‖O(D1) =
|b|
max{|a|,|b|,|c|,|xz|} = 1 and
‖da ∧ db ∧ dc‖ωX
=
max{
∣∣a2x∣∣ , ∣∣b2x∣∣ , ∣∣c2x∣∣ , ∣∣z2x3∣∣ , |ay| , |by| , |cy|}max{|a| , |b| , |c| , |xz|}
|x4z3|
= max{
∣∣b2∣∣ , 1, ∣∣b(a2 + bc)∣∣} |b| .
This means that
df∗τ(X,D1),p = (max{
∣∣b2∣∣ , 1, ∣∣b(a2 + bc)∣∣})−1 |b| dµ
on g−1(U1(Zp)) and, by an analogous argument, that
df∗τ(X,D2),p = (max{
∣∣a2∣∣ , 1, ∣∣a(a2 + bc)∣∣})−1 |a| dµ
on g−1(U2(Zp)).
With these descriptions we can explicitly calculate the volumes. In the first case,
we get
τ(X,D1),p(U1(Zp)) =
∫
|b|≥1
|a|,|c|≤|b|
1
|b|max{|b2| , |b(a2 + bc)|}
dµ(a, b, c)
=
∫
|a2+bc|≤|b|
|b|≥1
|a|,|c|≤|b|
1
|b|3
dµ(a, b, c) +
∫
|a2+bc|>|b|
|b|≥1
|a|,|c|≤|b|
1
|b|2 |a2 + bc|
dµ(a, b, c).
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The first of these terms is∫ ∣∣ a2
b +c
∣∣≤1
|b|≥1,|a|≤|b|
1
|b|
3 dµ(a, b, c) =
∫
|b|≥1
|a|≤|b|
1
|b|
3 dµ(a, b) =
∫
|b|≥1
1
|b|
2 dµ(b)
=
∑
k≥0
1
p2k
(
1−
1
p
)
pk = 1,
while the second is∫
1<
∣∣a2
b +c
∣∣≤|b|
|b|≥1,|a|≤|b|
1
|b|
3
(a
2
b + c)
dµ(a, b, c) =
∫
|b|≥1
|a|≤|b|
1
|b|
3
|v(b)|∑
k=1
1
pk
(
1−
1
p
)
pk dµ(a, b)
=
(
1−
1
p
)∫
|b|≥1
|a|≤|b|
|v(b)|
|b|
3 dµ(a, b) =
(
1−
1
p
)∫
|b|≥1
|v(b)|
|b|
2 dµ(b)
=
(
1−
1
p
)∑
k≥0
k
p2k
(
1−
1
p
)
pk =
1
p
,
so τp(U1(Zp)) = 1 +
1
p =
#U1(Fp)
p3 . The volume τ(X,D2),p(U2(Zp)) is calculated
similarly. 
Archimedean place. Next, we calculate the volumes of the divisors D1 and D2 with
respect to the residue measures explicitly described in [CLT10a, 2.1.12].
Lemma 3.2. We have τD1,∞(D1(R)) = τD2,∞(D2(R)) = 20.
Proof. The adjunction isomorphism induces a metrization of ωD1 via
(8) ‖da ∧ dc‖ωD1
= ‖da ∧ db ∧ dc‖ωX ‖b‖
−1
O(−D1)
.
Since da ∧ db ∧ dc corresponds to x4z3 ∈ R(X), the first factor of (8) is
max{
∣∣a2x∣∣ , ∣∣b2x∣∣ , ∣∣c2x∣∣ , ∣∣z2x3∣∣ , |ay| , |by| , |cy|}max{|a| , |b| , |c| , |xz|}
|x4z3|
= max{
∣∣a2∣∣ , ∣∣c2∣∣ , 1, ∣∣a3∣∣ , ∣∣a2c∣∣}max{|a| , |c| , 1},
when evaluated in (a : 0 : c : 1 : a2 : 1) ∈ V ∩D1. On the affine variety V , regarding
b as an element of Γ(V,OV (−D1)) ⊂ OV (V ) and using the canonical trivialization
of O(−D1) outside D1 and the fact that 1D1 corresponds to b ∈ R(X) under our
chosen isomorphism gives us
lim
b→0
(
|b|
‖1D1‖O(D1)
)−1
= lim
b→0
(
|b|max{|a| , |b| , |c| , |xz|}
|b|
)−1
= max{|a| , |c| , 1}−1
for the second factor. We thus have explicit descriptions
df∗τD1,∞ = ‖da ∧ dc‖
−1
ωD1
d(a, c) =
1
max{|a2| , |c2| , 1, |a3| , |a2c|}
d(a, c)
and, by an analogous argument,
df∗τD2,∞ d(b, c) =
1
max{|b2| , |c2| , 1, |b2c| , |bc2|}
d(b, c)
of the Tamagawa measures τD1,∞ and τD2,∞ with respect to the Lebesgue measure.
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For the volume of the first divisor, we now get
τD1,∞(D1(R)) =
∫
|a|,|a2c|≤1
1
max{|c2| , 1}
d(a, c) +
∫
|a|≥|c|
|a|>1
1
|a3|
d(a, c)
+
∫
|c|>|a|
|a2c|>1
1
max{|c2| , |a2c|}
d(a, c).
The first term of this expression is 203 by (11) below, the second is
∫
|a|
2
|a2| = 4 and
the third is
(9)
∫
|c|>|a|,|a2c|>1
|a2|>|c|
1
|a2c|
d(a, c) +
∫
|c|>a,|a2c|>1
|a2|≤|c|
1
|c2|
d(a, c).
In (9), the first term is∫
|c|≥1
|c|1/2<|a|<|c|
1
|a2c|
d(a, c) =
∫
|c|≥1
2
|c|
(|c|
1/2
− |c|
−1
) dc = 4
and the second is∫
a∈R
2
max{|a2| , |a−2|}
da =
∫
|a|≤1
2 |a|2 da+
∫
|a|>1
2
|a2|
da =
16
3
.
Thus, (9) is 283 and τD1,∞(D1(R)) =
20
3 + 4 +
28
3 = 20.
For the other divisor, we get τD2,∞(D2(R)) = 20 by similar arguments. 
Convergence Factors. Since both U1 and U2 have only constant nowhere vanishing
global sections over any algebraically closed field and the Galois group acts trivially
on the Picard group H1(Ui,Qp ,Gm) = Z · [E] (where E is the exceptional divisor),
the Euler factors of the Artin L-function of the virtual Galois module
EP(Ui) = [H
0(Ui,Q,Gm)/Q
∗
]Q − [H
1(Ui,Q,Gm)]Q = −[Q]
are simply Lp(s;EP (Ui)) = 1−
1
ps . In particular, the Artin L-function is
L(s; EP(Ui)) =
∏
p
Lp(s; EP(Ui)) = ζ(s)
−1,
it has a simple zero at s = 1 and its principal value at 1 is L∗(1;EP (Ui)) =
lims→1 L(s;EP (Ui))(s− 1)
−1 = 1.
At the infinite place, we get a renormalization factor cR = 2, since the divisor D
is geometrically irreducible.
3.4. The constant α. Previous results such as [CLT12] suggest that in the case of
a number field with only one infinite place and a geometrically irreducible divisor
D, we get a factor α of the leading constant in the following way:
Consider the pseudoeffective cone Eff(X) = Cone(E,H −E) ⊂ Pic(X)R and its
characteristic function XEff(X)(L) =
∫
Eff(X)∨
e−〈L,t〉 dt (with respect to the Haar
measure on Pic(X)∨R normalized by Pic(X)
∨). Then
α =
1
(rk Pic(X)− 1)!
XEff(X)(ω(Di)
∨) =
1
6
,
where ω(Di)
∨ = OX(3(H − E) + 2E) is the log-anticanonical class, should be a
factor of the leading constant c. The equality hold for both divisors D1 and D2.
3.5. The exponent of logB. In the case of a geometrically irreducible divisor and
a number field with one infinite place, the same previous results suggest that the
exponent of logB in the asymptotic formula should be rk(Pic(X))− 1 = 1.
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4. Integral points on X −D1
We count the integral points of bounded height
N1(B) = #{x ∈ U1(Z) ∩ V1(Q) | H(x) ≤ B}
on U1 = X−V (b) that, as rational points, are in the complement V1 of the subvariety
V (abxz).
Using the 4-to-1-correspondence (2) with integral points on the universal torsor
T1 and noticing the symmetry in the two values ±1 of b in (2), this description of
integral points on the universal torsor yields the formula
N1(B) =
1
2
#
{
(a, c, x, y, z) ∈ Z5
∣∣∣ a2+c−yz=0, gcd(x,y)=1,H(a,1,c,x,y,z)≤B, a,x,z 6=0} ,
where H(a, b, c, x, y, z) = max {
∣∣a2x∣∣ , ∣∣b2x∣∣ , ∣∣c2x∣∣ , ∣∣z2x3∣∣ , |ay| , |by| , |cy|} by (7).
Solving the equation, we can simplify this to
1
2
#
{
(a, x, y, z) ∈ Z4
∣∣∣ gcd(x,y)=1, H˜1(a,x,y,z)≤B,
a,x,z 6=0
}
,
where H˜1(a, x, y, z) = H(a, 1, yz − a
2, x, y, z).
Lemma 4.1. We have
N1(B) =
1
2
∑
α>0
µ(α)
α
∑
x′,z∈Z 6=0
∫
|a2αx′|,|a(a2+c)z−1|,
|c2αx′|,|c(a2+c)z−1|,
|α3x3z2|≤B,|a|≥1
1
|z|
d(a, c) +O(B).
Proof. A Möbius inversion yields
N1(B) =
∑
α>0
µ(α)
∑
a,x′,z∈Z 6=0
#{y′ ∈ Z | H˜1(a, αx
′, αy′, z) ≤ B},
and we can estimate the number of points by the volume
#{y ∈ Z | H˜1(a, αx
′, αy′, z) ≤ B} =
∫
H˜1(a,αx′,αy′,z)≤B
dy′ +R(α, a, x′, z;B),
where we denote the integral by V1(α, a, x
′, z;B). Using [DF14, Lemma 3.6], we get
|R(α, a, x′, z;B)| ≪ 1 and similar error terms of the form maxξ |f | when replacing
the sum over a variable ξ by an integral in the next steps. Using this and the height
conditions
∣∣αa2x′∣∣ , ∣∣α3z2x′3∣∣ < B, we can bound the sum over the error terms by∑
α>0,
a,x′,z∈Z 6=0
|µ(α)R(α, a, x′, z;B)| ≪
∑
α>0,
x′∈Z 6=0
B
|αx′|2
≪ B
to get N1(B) =
∑
α µ(α)
∑
a,x′,z
∫
H˜1(a,αx′,αy′,z)≤B
dy′ +O(B).
Turning to the variable a next we estimate the sum
∑
a∈Z 6=0
V1(α, a, x
′, z;B)
by the integral V2(α, x
′, z;B) =
∫
V1(α, a, x
′, z;B) da, introducing an error term
R2(α, x
′, z;B). Using the height condition
∣∣αy′z − a2∣∣ ≤ B to estimate the integral
over y′ and α3x3z2 to estimate the sum, we can bound the total error by∑
α>0,
x′,z∈Z 6=0
|R2(α, x
′, z;B)| ≪
∑
α>0,
x′,z∈Z 6=0
sup
a∈Z 6=0
V1(α, a, x
′, z;B)≪
∑
α>0,
x′,z∈Z 6=0
B1/2
α |x′|
1/2
|z|
≪
∑
α>0,
z∈Z 6=0
B2/3
α3/2 |z|
4/3
≪ B2/3.
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A change of variables c = αy′z − a2 now gives us the description
V2(α, x
′, z;B) =
∫
|a|≥1
V1(α, a, x
′, z;B) da =
∫
|a2αx′|,|a(a2+c)z−1|,
|c2αx′|,|c(a2+c)z−1|,
|α3x3z2|≤B,|a|≥1
1
|αz|
d(a, c)
of the main term. 
Lemma 4.2. We have
(10) N1(B) =
1
2
∑
α>0
µ(α)
α2
∫
|a2x|,|a3z−1|,|c2x|,
|a2cz−1|,|x3z2|≤B,
|a|,|z|≥1,|x|≥α
1
|z|
d(a, c, x, z) +O(B).
Proof. We first want to replace the two instances of a2+ c by a2 in the inequalities
defining the region for the volume function V2 of the previous lemma, to get a new
volume function V ′2(α, x
′, z;B). The error we get when replacing
∣∣a(a2 + c)z−1∣∣ by∣∣a3z−1∣∣ can be bounded by the integral over the region
B −
∣∣∣ac
z
∣∣∣ ≤ ∣∣∣∣a3z
∣∣∣∣ ≤ B + ∣∣∣acz ∣∣∣ , i.e.,
∣∣∣∣a2 − B |z||a|
∣∣∣∣ ≤ |c| .
With a change of variables a′ = a2 −B |z| |a|
−1
, where∣∣∣∣da′da
∣∣∣∣ = 2 |a|+ B |z||a|2 ≥√|a′|,
we can bound the total error by
|R1(B)| ≪
∑
α>0
2
α
∑
x′,z∈Z 6=0
∫
|a′|≤|c|,|αc2x′|,
|α3x′3z2|≤B
1√
|a′| |z|
d(a′, c)
≪
∑
α>0
1
α
∑
x′,z∈Z 6=0
∫
|α3x′3z2|,
|αc2x′|≤B
√
|c|
|z|
dc≪
∑
α>0
1
α
∑
x′,z∈Z 6=0
|α3x′3z2|≤B
B3/4
α3/4 |x|3/4 |z|
≪
∑
α>0
z∈Z 6=0
B5/6
α7/4 |z|7/6
≪ B5/6.
When modifying the other inequality, we can bound the error term by an integral
over a similar region, and, after an analogous change of variables, get the same
bound.
Next, we estimate the summation over z. Using the conditions |a| ≤ B1/3 |z|
1/3
and |c| ≤ B1/2 |αx|
−1/2
, we can bound the volume
V ′2(α, x
′, z;B)≪ B5/6 |αx|
−1/2
|z|
−2/3
.
Replacing the sum over z by an integral, we introduce an error
|R2(B)| ≪
∑
α>0
1
α3/2
∑
1≤|x′|≤B1/3
B5/6
|x|1/2
≪ B.
For V3(α, x
′;B) =
∫
|z|≥1 V
′
2(a, x
′, z;B) dz, we get an upper bound
V3(α, x
′;B)≪
∫
|α3x′3z2|≤B
B5/6
α1/2 |x′|
1/2
|z|
2/3
dz ≪
B
α |x′|
.
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Finally, replacing the sum over x′ by an integral
∫
|x′|≥1 V3(α, x
′;B) introduces an
error term
|R3(B)| ≪
∑
α>0
B
α2
≪ B
and a change of variables x = αx′ completes the proof. 
Proposition 4.3. The number of integral points of bounded height on U2 satisfies
the asymptotic formula
N1(B) =
20
3ζ(2)
B logB +O(B).
Proof. We first remove the condition |a| ≥ 1 in (10) and get an error term
|R1(B)| ≪
∑
α
1
α2
∫
|c2x|,|x3z2|≤B,
|x|≥α
d(c, x, z)≪
∑
α
1
α2
∫
|x|≥α
B
|x|
2 dx≪
∑
α
B
α3
≪ B.
By a change of variables a 7→ az−1/3B−1/3, c 7→ cz−1/3B−1/3, x 7→ az2/3B−1/3, we
now have
N1(B) =
1
2
∑
α>0
µ(α)
α2
∫
|a2x|,|c2x|,|a|,
|a2c|,|x|≤1,
1≤|z|≤|x|3/2B1/2α−3/2
B
|z|
d(a, c, x, z) +O(B)
=
1
2
∑
α>0
µ(α)
α2
∫
|a2x|,|c2x|,|a|,
|a2c|,|x|≤1
B
(
log
(
B |x|3 α−3
))
d(a, c, x) +R2(B) +O(B)
=
1
2
∑
α>0
µ(α)B logB
α2
∫
|a2x|,|c2x|,|a|,
|a2c|,|x|≤1
d(a, c, x) +R3(B) +O(B)
=
B logB
ζ(2)
∫
|a|,|a2c|≤1
1
max{1, |a2| , |c2|}
d(a, c) +O(B)
since the error terms are
|R2(B)| ≪
∑
α≥1
B
α2
∫
|x|3/2α−3/2B1/2,
|a|,|c2x|≤1
∣∣∣log(B |x|3 α−3)∣∣∣ d(a, c, x)
≪
∑
α≥1
B
α2
∫
|x|≤αB−1/3
3
∣∣∣log(B1/3 |x|α−1)∣∣∣ 1
|x|
1/2
dx
≪
∑
α≥1
B
α2
α1/2
B1/6
(
2− log
(
B1/3α−1B−1/3α
))
≪ B5/6
and
|R3(B)| ≪
∑
α≥1
B
α2
∫
|a|,|c2x|,|x|≤1
3
∣∣∣∣log( |x|α
)∣∣∣∣d(a, c, x)
≪
∑
α≥1
B
α2
∫
|x|≤1
1
|x|
1/2
∣∣∣∣log( |x|α
)∣∣∣∣ dx≪∑
α≥1
B
α2
(2 + log(α))≪ B.
Finally, we note that the integral evaluates to∫
|a|,|a2c|≤1
1
max{1, |c2|}
d(a, c) =
∫
c∈R
2min{1, |c|
−1/2
}
max{|c2| , 1}
dc(11)
=
∫
|c|≤1
2 dc+
∫
|x|>1
2
|c|
5/2
dc =
20
3
. 
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5. Integral points on X −D2
We count the integral points of bounded height
N2(B) = #{x ∈ U1(Z) ∩ V2(Q) | H(x) ≤ B}
on U2 = X − V (a), that, as rational points, are in the complement V2 of V (abcxz).
With the 4-to-1-correspondence to integral points on the torsor, and noticing the
symmetry in the two possible values a = ±1 of a in (3), we get
(12) N2(B) =
1
2
#
{
(b, c, x, y, z) ∈ Z5
∣∣∣∣ 1+bc−yz=0, gcd(x,y)=1,H(1,b,c,x,y,z)≤B,
b,c,x,z 6=0
}
.
Lemma 5.1. We have
N2(B) =
∑
b,x,z∈Z 6=0
θ1(b, x, z)V1(b, x, z;B) +O(B),
where
V1(b, x, z;B) =
1
2
∫
H(1,b,c,x,(1+bc)z−1,z)≤B
|b|,|c|,|x|,|z|≥1
1
|z|
dc
and θ1(b, x, z) =
∏
p θ
(p)
1 (b, x, z) with
θ
(p)
1 (b, c, z) =

0, p | b, p | z,
1− 1p , p ∤ b, p | x,
1, else.
Proof. Using a Möbius inversion to get rid of the condition gcd(x, y) = 1 in (12)
and setting y′ = yα , we get
N2(B) =
1
2
∑
b,x,z∈Z 6=0
∑
α|x
µ(α)N˜2(α, b, x, z;B),
where
N˜2(α, b, x, z;B) = #
{
(c, y′) ∈ Z2
∣∣∣ c 6=0, 1+bc−y′αz=0,H(1,b,c,x,αy′,z)≤B} .
To estimate N˜2, we first note that N˜2(α, b, x, z;B) = 0 whenever αz and b are
not coprime. If they are coprime, we estimate
N˜2(α, b, x, z;B) = #
{
c ∈ Z6=0
∣∣∣ bc≡−1 (mod αz),H(b,c,x,(1+bc)z−1,z)≤B}
=
∫
H(1,b,c,x,(1+bc)z−1,z)≤B
|c|≥1
1
|αz|
dc+R(α, b, x, z;B).
Analogously to the first case, we get an error term |R(α, b, x, z;B)| ≪ 1. This
inequality together with the height conditions
∣∣b2x∣∣ ≤ B and ∣∣z2x3∣∣ ≤ B allows us
to bound the summation over the error terms:∑
b,x,z∈Z 6=0
|b2x|,|z2x3|≤B
∑
α|x
(b,αz)=1
|µ(α)R(b, x, z;B)| ≪
∑
b,x,z∈Z 6=0
|b2x|,|z2x3|≤B
2ω(x) ≪
∑
x∈Z 6=0
2ω(x)B
|x|
2 ≪ B.
Thus we arrive at
N2(B) =
∑
b,x,z
∑
α|x
(b,αz)=1
µ(α)
α
V1(b, x, z;B) +O(B),
where
V1(b, x, z;B) =
1
2
∫
H(1,b,c,x,(1+bc)z−1,z)≤B
|b|,|c|,|x|,|z|≥1
1
|z|
dc.
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Using the multiplicativity of µ and gcd, we can factor the sum over α
∑
α|x
(b,αz)=1
µ(α)
α
=
∏
p

0, p | b, p | z,
1− 1p , p ∤ b, p | x,
1, else
to get a description of the arithmetic term θ1. 
Lemma 5.2. We have
N2(B) =
∑
b,z
θ2(x, z)V2(x, z;B) +O(B(log logB)
2),
where
V2(x, z;B) =
1
2
∫
H(1,b,c,x,(1+bc)z−1,z)≤B
|b|,|c|,|x|,|z|≥1
1
|z|
d(b, c)
and θ2(x, z) =
∏
p θ
(p)
2 with
θ
(p)
2 =

(1− 1p )
2, p | x, z,
1− 1p +
1
p2 , p | x, p ∤ z,
1− 1p , p ∤ x, p | z,
1, p ∤ x, z.
Proof. Using the height conditions
∣∣c2x∣∣ , ∣∣b(1 + bc)z−1∣∣ ≤ B to estimate the inte-
gral, we can bound the volume function by the geometric average
V1(b, x, z;B)≪
1
|z|
(
B1/2
|x|1/2
)2/3(
B |z|
|b|
2
)1/3
=
B2/3
|b|2/3 |x|1/3 |z|2/3
=
B
|bxz|
(
B
|b2x|
)−1/6(
B
|z2x3|
)−1/6
.
Since the integral is zero whenever
∣∣b2x∣∣ ≥ B or ∣∣z2x3∣∣ ≥ B and θ1 ∈ Θ′4,3(1) (as
in [Der09, Definition 7.8]), the assertion follows by [Der09, Proposition 3.9] with
r = 0, s = 2 (note that θ1 satisfies [Der09, Definition 7.8]). 
Lemma 5.3. We have
N2(B) =
1
2
∏
p
(
1−
2
p2
+
1
p3
)∫
H˜2(b,c,x,z)≤B
|b|,|c|,|x|,|z|≥1
1
|z|
d(b, c, x, z) +O(B(log logB)2).
Proof. Using the same estimate for the integral over c as in the previous lemma
and estimating the integral over b using the height condition
∣∣b2x∣∣ ≤ B, we get the
bound
V2(x, z;B)≪
∫
1≤|b|≤B1/2|x|−1/2
B2/3
|b|
2/3
|x|
1/3
|z|
2/3
≪
B5/6
|x|1/2|z|2/3
≪
B
|xz|
(
B
|x|3 |z|2
)−1/6
for the volume function V2. Since V2(b, z;B) = 0 whenever
∣∣z2x3∣∣ > B, we get an
asymptotic by [Der09, Proposition 4.3] (with r = s = 1). We are only left to see
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that the constant is indeed∏
p
(
1
p2
(
1−
1
p
)2
+
1
p
(
1−
1
p
)(
2−
2
p
+
1
p2
)
+
(
1−
1
p
)2)
=
∏
p
(
1−
2
p2
+
1
p3
)
. 
Proposition 5.4. We have N2(B) = cB log(B) +O(B(log logB)
2), where
c =
20
3
∏
p
(
1−
2
p2
+
1
p3
)
.
Proof. We have to estimate the integral in the previous lemma. We first want to
replace (1+bc) by bc in the height conditions. In the case of the condition b(1+bc)/z,
this leaves us with an error term R1(B) that can be bounded by the integral over
the region defined by B −
∣∣ b
z
∣∣ ≤ ∣∣∣ b2cz ∣∣∣ ≤ B + ∣∣ bz ∣∣, i.e., ∣∣Bzb2 ∣∣− 1|b| ≤ |c| ≤ ∣∣Bzb2 ∣∣+ 1|b| ,
and the remaining height conditions, so that
R1(B)≪
∫
|b2x|,|x2z3|
|b|,|z|≥1
1
|bz|
d(b, x, z)≪
∫
B1/2
|bz|
3/2
d(b, z)≪ B1/2.
The condition c(1 + bc)/z can be dealt with analogously. Next, we remove the
condition |b| ≥ 1, where we get an error term
R2(B)≪
∫
|c|≤ B
1/2
|x1/2|
,|x|≤ B
1/3
|z|2/3
|z|≥1
1
|z|
d(c, x, z)≪
∫
|x|≤ B
1/3
|z|2/3
|z|≥1
B1/2
|x|1/2 |z|
d(x, z)
≪
∫
|x|≤ B
1/3
|z|2/3
|z|≥1
B2/3
|z|
4/3
d(z)≪ B2/3,
and subsequently remove |c| ≥ 1 analogously. Thus, we can estimate the integral
in the previous lemma as V3(B) +O(B
2/3), where
V3(B) =
∫
|b2x|,|c2x|,|x3z2|,
|b2cz−1|,|bc2z−1|≤B,
|x|,|z|≥1
1
|z|
d(b, c, x, z).
By a change of variables b 7→ B−1/3bz−1/3, c 7→ B−1/3cz−1/3, x 7→ B−1/3xz2/3, we
get
(13)
V3(B) = B
∫
|b2x|,|c2x|,|x|,
|b2c|,|bc2|≤1,
1≤|z|≤B1/2|x|3/2
1
|z|
d(b, c, x, z)
= 2B
∫
|b2x|,|c2x|,|x|,
|b2c|,|bc2|≤1
log
(
B1/2 |x|
3/2
)
d(b, c, x) +R3(B)
= B logB
∫
|b2x|,|c2x|,|x|,
|b2c|,|bc2|≤1
d(b, c, x) +R3(B) +R4(B)
= 2B logB
∫
|b2c|,|bc2|≤1
max{
∣∣b2∣∣ , ∣∣c2∣∣ , 1}−1 d(b, c) +R3(B) + R4(B).
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The error terms are
|R3(B)| ≪ B
∫
|x|≤B−1/3
|b2c|,|bc2|≤1
∣∣∣log(B1/2 |x|3/2)∣∣∣ d(b, c, x)
≪ B
∫
|b2c|,|bc2|≤1
3
2
B−1/3 d(b, c)≪ B2/3
(∫
|c|≤1
1√
|c|
dc+
∫
|c|>1
1
c2
dc
)
≪ B2/3
and
|R4(B)| ≪ B
∫
|b2c|,|bc2|,
|x|≤1
∣∣∣log(|x|3/2)∣∣∣ d(b, c, x)≪ ∫
|b2c|,|bc2|≤1
d(b, c)≪ B.
The integral in the last line of (13) then further evaluates to∫
|b2c|,|bc2|≤1
1
max{|b2| , |c2| , 1}
d(b, c) = 2
∫
|b|≥|c|
|b2c|≤1
1
max{|b2| , 1}
d(b, c)
= 2
∫
2min{|b| ,
∣∣b−2∣∣}
max{|b2| , 1}
db =
∫
|b|≤1
4 |b| db+
∫
|b|>1
4
|b4|
db =
20
3
,
and we get the desired asymptotic. 
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